Methodological design and technical performance of an original phase gradient approach to glacier rheological modelling and mapping will be discussed and several practical examples of utilising multi-pass ERS-1/2 SAR interferograms in different European glacial environments will be given.
Introduction
Evaluation and mapping of glacier rheology 1 is one of the most interesting and puzzling applications of differential radar interferometry (DINSAR). The DINSAR method based on differencing between two co-registered repeat-pass SAR interferograms of the same glacier provides a unique opportunity to detect and to measure even small glacier motions and ice deformations in the subcentimetre range. Short-term ice velocities and their long-term variations can be surveyed with high spatial resolution over large glacial areas even if the glacier surface is snow-covered. Under favourable conditions, the accuracy of measuring the magnitude of ice-surface velocity from spaceborne differential interferograms is comparable with that from field surveys [1] . These unprecedented technical capabilities and notable availability of spaceborne interferometric data are greatly valued by experts studying glacier dynamics.
Numerous examples have already been shown of successful DINSAR applications to monitoring ice-sheet motion [2] , mapping three-dimensional flow of large glaciers [3] , measuring outlet glacier velocities [4] , studying flow instability [5] and identifying surge effects on ice fields [6] . The performance of this generally promising technique is not always flawless, however, and there remains some uncertainty as to how it will operate in a given glacier environment and season different from those studied in preceding applications. In fact, previous applications of glacier interferometry were mostly local in character, each focussed on one or several neighbouring glaciers of the same morphological class, and only very few comparative studies have analysed the performance of the DINSAR method for different glacier types, extents and periods.
Different methodological variants of DINSAR, such as 2-, 3-, 4-and multipass techniques, were exploited depending on the availability/quality of archival interferometric data and to a much lesser degree accounting for ice-flow peculiarities. Simplifying assumptions were frequently made, e.g. on the equality of glacier velocities at two different instants of time, to accelerate processing but turned out to be inappropriate for modelling a time-evolving glacier surface [8] .
In the dynamic glacier environment, the applicability and accuracy of repeatpass interferometry is strongly influenced by rapid physical changes of the ice surface and drastic temporal decorrelation of SAR signals between subsequent surveys performed at long intervals. Different temporal scales of interferometric and terrestrial surveys, the continuous albeit inhomogeneous character of ice flow and changeable glacier topography complicate the calibration and validation of DINSAR rheological models [9] . Other limitations to glacier interferometry are related to orbital data uncertainties, atmospheric influences, inaccuracies of reference topographic models (DEMs), algorithmic complexity and processing errors, mostly at the stage of interferometric phase unwrapping, detecting and resolving the line-of-sight motion, and geocoding.
The present paper reports on the design of an original and stringent albeit very simple algorithm for the reconstruction of glacier rheology from interferometric phase gradients (GINSAR) that does not involve complex process artifices, does not require accurate reference topographic models and provides fast, global and reliable solutions to:
-unsupervised detection of glacier motion/changes and distinguishing of areas with different degrees of ice deformation, -quantitative evaluation and variational analysis of the glacier strain rate and ice velocities, -representation of glacier rheology and morphology in the form of satellite image maps. The GINSAR approach mitigates some problems related to the operation of interferometric phase unwrapping, thus improving modelling accuracy. Besides, fewer additional a priori assumptions have to be made on the character of glacier motion and glacier topography. The practical performance of this new method was tested using 7 pairs of repeat-pass ERS-1/2-SAR interferograms and numerous instrumental records documenting the rate of glacier ice flow in several test areas including Hintereisferner Glacier in the Austrian Alps, the Svartisen Ice Caps in Northern Norway and several large tidewater glaciers in the Western Russian Arctic.
Data and data gaps
14 repeat-pass ERS-1/2 INSAR tandem pairs taken at 1-day intervals under steady and cold weather conditions were selected for rheological studies and practical modelling of glacier dynamics in the Hintereisferner (HF), Svartisen (SV), and Western Russian Arctic (WeRA) test sites. The selection of INSAR pairs was performed so as to provide suitable spatial baselines within the range of 0 -200 m and to avoid unstable weather with high winds, heavy clouds, precipitation and melting at the glacier surface. The best interferograms for all test sites, with a typical mean coherence value of 0.68, were produced from SAR images taken during the cold season in October 1995 -April 1996. The lowest mean coherence value of about 0.47 was observed in an interferogram with a very short spatial baseline taken in the warm season. The main parameters of available INSAR data are specified in Table 1 . All necessary Austrian, Norwegian and Russian topographic maps at scales ranging from 1:25 000 to 1:200 000 were also available. Besides, two raster digital elevation models (DEMs) with 25 m pixel size issued in the 1990s on the basis of topographic maps could be obtained for the SV and HF test sites. Preliminary tests, however, revealed a multitude of inaccuracies in those models with typical height errors of about ± 28 m and maximum errors exceeding 60 m. The topographic accuracy of the reference interferograms R I synthesised from the DEMs was thus too low for their direct use in the conventional 2-pass DINSAR approach to the estimation of glacier motion.
Not many rheological maps have been published on the glaciers studied [10, 11] , and it was rather difficult to find applicable reference data on ice flow in the test areas. There are very few instrumental records documenting the winter rate of ice flow and its spatial and seasonal variations in glacier accumulation areas. The average values of ice flow velocities, which were deduced from existing glaciological publications, did not exceed 0.1 m/day for Hintereisferner Glacier [12] , 0.5 m/day for Engabreen Outlet Glacier in the SV test site [11] and 0.7 m/day for Shokal'skogo Glacier in the WeRA [13] . The same publications gave some indications on the character of bedrock topography along the centreline of the test glaciers. Thanks to a remarkable stroke of good fortune we were able to borrow quantitative data on the annual 1995/96 and 1996/97 velocities of glacier flow in the lower half (3.5 km, 34 stakes) of Hintereisferner Glacier from the personal file of Mr. H.Schneider (University of Innsbruck) with kind permission of the proprietor.
In this study, we did not obtain precise absolute co-ordinates of ground control points, e.g. by special GPS measurements, but instead concentrated on measuring the relative parameters of glacier flow. The lack of basic groundcontrol data and insufficient quality of the rheological and topographic reference models -problems frequently encountered in glacier studies -were the principal reasons for applying the non-conventional GINSAR approach to modelling glacier dynamics in our test areas.
Methodological set-up
The idea of using SAR interferometric phase gradients for terrain modelling and studying related phenomena is not very new. 10 years ago, it was already demonstrated that phase gradient maps could be derived directly from complex SAR interferograms and applied to measuring both the magnitude and aspect of terrestrial slope without phase unwrapping [14, 15] . To our knowledge, the idea of applying the phase gradient approach to change detection was first presented in a paper by D.Sandwell and E.Price, who performed stacking and averaging of phase gradients with the aim of detecting and decreasing errors due to atmospheric-ionospheric disturbances in order to improve the general quality of INSAR data [16] . The subsequent work by our research group showed the applicability of this approach to the unsupervised detection of glacier changes and the spatial reconstruction of glacial flow from multi-pass INSAR data [17] .
The underlying concept of the GINSAR approach is to proceed from operations on original SAR interferograms to the analysis of their derivatives, making use of the fact that, for the great majority of points in the interferential picture, partial gradients of the unwrapped interferometric phase ) , ( y x Ψ are equal to partial gradients of the wrapped phase ) , ( y x ϕ , i.e.
[ )
, where
In single-image processing, the value of gradient is assumed to be proportional to the difference in pixel values between adjacent pixels and, unlike [16] , we calculate interferometric phase gradients by subtracting the original interferential picture from a shifted version of the same picture as ortho-or cross-gradient:
Considering the discrete character of the interferometric phase, partial gradients The GINSAR image product specifying continuously the glacier height increments and providing a realistic view of the glacier surface is called a topogram. The topogram can be directly converted to a glacier slope map on a pixel-by-pixel basis using the algorithm offered in [17] .
If the glacier topography is supposed to be unchanged between subsequent INSAR surveys, its contribution to the interferometric phase can be excluded by differencing between two co-registered multitemporal INSAR topograms of the same glacier. It is worth noting that, in contrast to combinatorial processing of original interferograms, each topogram can be scaled with any real, not necessarily integer factor, which makes further processing flexible and allows for any linear combination between multitemporal topograms. Assuming that , the operation of differencing between two topograms can be formulated as follows
The resultant picture F(x,y) containing only the differential motion phase without topographic phase is called fluxogram in reference to the name fluxions (from Latin fluxus -flow, continual change) that Isaac Newton gave to differential calculus. The fluxogram provides a very useful product that can be directly applied to the detection of glacier motion and to the delineation of moving areas. Moreover, the processing quality can be readily checked by controlling the representation of steady landforms in different parts of the fluxogram. In order to solve the basic differential equation (4) ) (
where 1 V ∆ is the velocity gradient in the first interferogram. 2 Such a scaled fluxogram also proves to be a desirable outcome of the GINSAR technique because it can be used for the analysis of the glacier strain rate, which is calculated as a difference between two neighbouring velocity values divided by the distance between velocity records. 3 A high value of the strain rate is an important indicator for the possible occurrence of crevasses on the glacier surface, which represent a serious hazard for hikers. During our field observations on Western Svartisen we revealed several buried crevasses near the ice divide; their location coincided with local maximum values of the strain rate in the GINSAR fluxogram. The fluxogram is usually averaged before calculating the strain rate.
Still, the image product described by equation (5) provides only relative information about the glacier velocity variations. In order to obtain absolute values of glacier velocity, the integration of motion phase gradients in the scaled fluxogram has yet to be performed. We perform such integration by applying the modification of the Cholesky algorithm to solving an over-determined system of linear equations, which relate the unknown velocities to their gradual observations in a least-square manner. In order to reduce the computational load, we perform this procedure only for the moving areas, which have been delineated in the fluxogram, thus excluding steady areas from the processing and diminishing areal error propagation. The product of integration representing the distribution of ice velocity over the glacier surface is called a velogram. The combination of several SAR topograms/fluxograms obtained from opposite, i.e. ascending and descending orbits, and/or the assumption of surface parallel flow allowed the ice-velocity component in the satellite look direction to be resolved into its horizontal and vertical constituents.
The GINSAR processing chain thus involves deterministic operations of calculating interferometric phase gradients from multi-pass interferograms, coregistering and differencing between scaled multitemporal topograms, thus eliminating the topographic phase term, and converting the differences obtained to the surface-motion field. A simplified flowchart showing the principal stages and main output products of the GINSAR approach is given in Figure 1 .
In general, the interferometric scheme is much more sensitive to the surface motion than to the surface relief, and the rate of motion fringes in the interferential picture of an active glacier is usually much higher than that of topographic fringes. Hence, the differentiation procedure given by equations (2 a, b) partly or completely attenuates the topographic component and emphasises the motion phase. Local quantitative analysis of ice motion can, therefore, be performed even in single topograms. Figure 2 shows, for example, the crossgradient image (b) obtained from the original 1-day interferogram (a) of 3/4 September 1995 (B ⊥ = -50 m) in accordance with equation (2, b) . In the gradient image, topographic fringes are completely removed, although extensive landforms with steep slopes and relief amplitude of more than 150 m are still detectable. Nevertheless, the system of secondary fringes (marked with V) can be seen within the area of rapid glacial flow on Simony Glacier and outlet glacier No.18 at McClintock Island in the Western Russian Arctic.
Similar features could be traced on almost all outlet glaciers in different gradient images of the study area. The visibility of secondary fringes depends on glacier orientation and can be enhanced by manipulating the shift value separately in azimuth and range direction. The width of secondary fringes reaches 500 meters and, although their rate decreases slightly in winter topograms, it remains very similar in different gradient images in spite of quite different spatial baselines. We therefore concluded that these features result from glacier movements and assumed that the relative velocity difference between two points on the glacier surface can be approximately determined in the radar lineof-sight direction by counting the number k of secondary fringes enclosed between those points as ( )
where β is the flow direction angle measured from the cross-track direction, and T = 1 day is the temporal baseline of the interferogram. 
Main results
The INSAR pairs were processed using precise orbital data and a new release of the RSG 4.0 software package. All output GINSAR products were geocoded using available DEMs and represented in the form of an RGB image. The first two layers represent partial rheological quantities, e.g. partial velocity increments, defined separately in azimuth and range direction, and the third layer gives the full (absolute) value, e.g. the full velocity gradient, which is usually defined as an algebraic sum of partial quantities. In special applications, the conversion factor ( )
can be presented as an additional fourth layer to the topogram, fluxogram or slope map. An example showing our GINSAR valueadded products of Svartisen Ice Caps generated from two INSAR data sets of 16/17 March and 01/02 April 1996 is given in Figure 3 . In this case, reference values for the ratio A new cartographic concept including the layout, information contents, cartographic projection, symbols, legends, etc. was elaborated for producing satellite image maps of glacier rheology and changes. Several rheological maps showing glacier dynamics in the test sites at different scales ranging from 1:50 000 to 1:600 000 were compiled and published (Figure 4) . The tachometric accuracy test for the rheological image map shown in Fig. 4 was carried out by comparing surface velocities at 11 tie points 4 identified in both the GINSAR image map sheet and the existing map substitutes based on photogrammetric surveys of ice velocities published in [11] . The results of accuracy tests are 4 Tie points are those of known elevation and velocity. 
Simony Glacier
No.18 summarised in Table 2 . The mean difference between photogrammetric and GINSAR velocities was -0.5 cm/day and the r.m.s. difference ± 2.25 cm/day. The absolute accuracy of determining glacier velocity in the HF test site was evaluated by comparing independent estimates of ice motion from spaceborne interferometric data and from terrestrial surveys by Mr. H.Schneider. Average horizontal velocities at 32 (from 34) stakes installed on the surface of Hintereisferner Glacier at altitudes ranging from 2560 to 2920 m a.s.l. and corresponding velocities obtained by the GINSAR and conventional 2-pass DINSAR techniques are graphically shown in Figure 5 . For this site/season, the mean value of reference function a(x,y) was close to 0.98. The glacier velocities surveyed in the field were generally consistent with both the GINSAR and 2-pass DINSAR values, although the GINSAR values were far less scattered. One can see, however, that there is a systematic difference of about +5.0 cm/day between the interferometric velocities and those from field surveys. The procedure of calibration and linear adjustment applied to the GINSAR model reduced the mean difference between interferometric and field velocities to +0.2 cm/day and resulted in an estimated r.m.s. difference of ± 1.8 cm/day.
The short-term frontal velocities of 4 test tidewater glaciers (Mack, Rozhdestvenskogo, Rykachova and Shokal'skogo) surveyed in the field in summer 2001 were significantly higher (196% in average) than the velocities measured in the lab from winter interferograms, which was explained by seasonal changes in the glacier flow. Indeed, the speed of glacial flow increases notably in the melt season with the most intense precipitation, and for many tidewater glaciers in the WeRA the summer motion rate is about twice as high as that in the coldest month [13] . Nevertheless, the spatial correlation between the interferometric winter velocities and short-term summer velocities from field surveys was quite high for all 22 target points in the WeRA.
Conclusions
All in all, we can conclude that the phase gradient approach to modelling glacier dynamics based on simple deterministic procedures ensures serious processing advantages, yet without compromising on accuracy. The average tachometric accuracy of the GINSAR technique is about ± 2.0 cm/day. High metric quality and detail, attractive appearance and complementary information contents of the value-added GINSAR products, such as topograms, fluxograms, velograms and slope maps, show the expedience of this technique and its applicability to rheological modelling in different glacier environments.
